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We analyze the influence of unconventional superconductivity on crystalline electric field (CEF) 
excitations of rare earth ions in novel superconductors. We show that resonant magnetic excitations 
of the conduction electrons that have been observed in these systems below may result in the 
formation of the bound state in the 4/-electron susceptibility. This occurs at energies well below 
the CEF excitation energy. The effect is discussed as a function of temperature and the strength 
of the coupling between the 4/ and d-electrons. We argue that these effects may be present in the 
layered cuprates and ferropnictides which contain rare-earth ions. 
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The influence of the crystalline electric field (CEF) 
splitting of rare-earth impurities on the various ther- 
modynamic properties in metals is well known[3|. It 
is also known that CEF split rare earth impurities in a 
conventional s-wave superconductor influence the super- 
conducting transition temperature quite differently than 
non-CEF split magnetic ions described by the Abrikosov- 
Gor'kov theory. There is also a feedback of conduction 
electrons on the CEF splittingf^. In conventional s-wave 
superconductors the Landau damping is strongly reduced 
for energies smaller than twice the superconducting gap, 
2Ao. In case when the excitation energy between the 
ground and first excited CEF states Acef is compara- 
ble to 2Ao one finds line narrowing of the lowest CEF 
excitations and a slight shift in frequency towards lower 
energies when the temperature T falls below Tc. This 
is a simple consequence of the fact that both real and 
imaginary parts of the conducting electron spin response 
are suppressed in an s-wave superconducting state for 
frequencies to < 2Ao. 

The situation is different in unconventional high-Tc 
superconductors like the layered cuprates or ferropnic- 
tides which may contain rare-earth elements. Firstly, in 
these systems the superconducting gaps are often com- 
parable and even larger than Acef- This allows to 
study in detail the feedback effect of superconductivity 
on CEF excitations. For example, partially successful 
attempts have been made to analyze the symmetry of 
the superconducting gap in layered cuprates by looking 
at the CEF lincwidth as a function of temperature with 
Acef ^ 2Ao[l]. A much more dramatic effect on CEF 
excitations is the strong change in the conducting elec- 
trons spin susceptibility below Tc and its consequence for 
the 4/ response. In unconventional superconductors this 
change may result in a resonance peak. This is a quite 



general phenomenon. It has been observed by inelastic 
neutron scattering (INS) near the antiferromagnetic 
wave vector Q=:(7r, tt) in a number of systems like high-Tc 
cupratesQ, UPdzAlgQ, CeCoIug Q, CeCusSizi, and 
recer.tly3so in ferropnictides i. It depends sensitively 
on the type of unconventional Cooper-pairing and may 
also be used to eliminate certain forms of pairing when a 
resonance is observed [loj . 

In this letter we analyze the effect of such a reso- 
nance below the superconducting transition temperature 
on CEF excitations of the 4/ states. We show that the 
formation of a resonance may cause striking anomalies in 
the CEF excitation spectrum. Depending on the strength 
of the coupling between the 4/ and d-electrons, the res- 
onance may cause the formation of the bound state (an 
additional pole) in the 4/-electron susceptibility. We ar- 
gue that these effects may exist in the electron- and hole- 
doped cuprates containing rare-earth ions. In addition we 
also address the anomalous features of the CEF excita- 
tions which have been reported in the CeFeAsO0.84F0.i6 
superconductor [lljl . In the latter case, measurements of 
the intrinsic linewidth and the peak position of the low- 
est excited mode at 18.7meV show a clear anomaly at 
Tc and an unusual temperature dependence in the su- 
perconducting state. 

The presence of rare-earth ions with 4/ electrons in a 
metallic matrix with c?-electrons forming the conduction 
band can be described by the model Hamiltonian 

■f^ = H'^'rK7) {n\ + '^£kdladk'T + U^n,'fn,i. (1) 

Here, [17) denotes a CEF eigenstate 7 of the incomplete 
4/-shell at lattice site i, and dj^^ creates an electron in 
the conduction band with wave vector k and spin a. The 
energies of the CEF eigenstates are defined by . Fur- 
thermore, Sk = — fi is the dispersion of the conduction 
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band with /x being the chemical potential. Correlations 
of the d-electrons are due to an on-site electron repul- 
sion U. The coupling term between the conduction and 
4/-electrons at site i is given by 



= -lexig.i - 1) X] " X] 



(2) 



i.e. by the exchange interaction between itinerant c?-spins 
(si) and localized 4/-electrons determined by Hund's rule 
with a total angular momentum, J. The behavior of the 
conduction electron susceptibility in the superconducting 
state is treated within the random phase approximation 
(RPA), i.e., 
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where Xo\^.i^) is the non-interacting electron suscepti- 
bility in the superconducting state. For large momenta 
q and low frequencies, Im^Q'^'' (q, uj) is zero. It can ex- 
hibit a discontinuous jump at the onset frequency of 
the particle- hole continuum fi^ = min (| A^j -t- | Ak+q|) 
where both k and k+q lie on the Fermi surface. Note, 
however, that the discontinuity in ImXp''' occurs only 
if sgn(Ak) ~ — sgn(Ak+q) which is not possible for an 
isotropic s-wavc order parameter! A discontinuity in 
ImXo'''' leads to a logarithmic singularity in Rcxo'''' . As a 
result, the resonance conditions (i) U^cxQ\^.,^JJres) ~ 1 
and (ii) Imxo''''(q, t^res) = can both be fulfilled at 
(jJres < for any value of [/ > 0. This results in a 
resonance peak below Tc in form of a spin cxciton . For 
finite quasiparticle damping F, condition (i) can only be 
satisfied if [/ > exceeds a critical value, while condition 

(ii) is replaced by U Imxg'^'*' (q, w^es) << 1. 

Typically a CEF splits the Hund's rule J-multiplet 
of the incomplete 4/-shell with different CEF levels. 
For Ce'^+ ions these levels are either three Kramers 
doublets or a doublet and a quartet, depending on 
the symmetry of the CEF. We assume for simplicity 
a two level system (TLS) only consisting of two dou- 
blets. The splitting is Acbf and the susceptibility of 
this TLS is uJuj) = |ma| ^J'^^^^2N with \mJ^ = 
X^ij l(*l>^Qb)P tanh(/3Ac_E_F/2). For the sake of simplic- 
ity we further assume jm^j ^ \mx\, and \mx\ = \fny \ — 
|m_L| = mp tanh(/3Ac£;i?/2) and set mp = 1. 

The 4/-electron susceptibility within RPA approxima- 
tion is given by 



1 -/2uc<(q,w)XflPA(q'^) 



(4) 



The position of the pole and its damping by the imagi- 
nary part of X'^ can be probed by INS. It is determined 
by 
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FIG. 1: (a) Graphical illustration of the solution of Eq.Q. 
The dotted curve refers to the function A^^p — llP' with 
AcEF ~ 2Ao (black) and Acef = 1.5Ao (grey), while 

2AcEF-^oXflpA(l' '^q) shown for the normal (dashed curve) 
and the superconducting (solid curve) state assuming Iq ~ A. 
(b) Calculated imaginary part of x^(Q,'^) at T = T'c(dashed 
curve) and in the superconducting state (T = O.lTc) (solid 
curve). The dispersion parameters and Coulomb repulsion 
for the electron gas on a square lattice have been used p^ . 



Tg = 2/q Ac_E_F|mj_ 
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In the normal state Rcx^p^(Qyip, w) is a positive 
function and decreases with increasing frequency. As a 
result the actual position of the peak in Im^-'' will be 
shifted towards lower frequency and acquire an additional 
damping that originates from the Landau damping in the 
case of Imxo'*'' , or as in the case of Imxpp^ by the inter- 
action with the overdamped spin waves of the itinerant 
electrons. This is shown in Fig[T]Ja) where we present the 
numerical solution of Eq. Q for the normal state. The ac- 
tual position and the shift depends on the strength of the 
coupling of the conduction electrons to the 4/-electrons. 

In the superconducting state with unconventional or- 
der parameter such that Ak ~ — Ak+q, the conduction 
electron susceptibility has a resonance peak at energy 
< l^kl + l^k+ql- In this case Rex^p^(Q, cj) is discon- 
tinuous at and changes sign from positive at a; < 
to the negative at to > Wr. The occurrence of the res- 
onance in the d-electron susceptibility yields interesting 
consequences for the 4/-clcctron susceptibility. However, 
we have to distinguish two cases. The feedback of the d- 
electrons on the 4/-susceptibility will be different in the 
case when the interaction between both is strong or weak. 

In the first case determined by condition Iq > 

.9 9 

the 4/-electron susceptibility will 
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AcEpRex'-^lj.iQ.'^r)' 
have an additional pole (bound state [lj|) at energies well 
below Acef- Simultaneously, due to the change of sign 
of the x^p^(q, a;) for lo > LOr, the initial position of the 
Ac_BP will be shifted to higher frequencies. The result- 
ing pole structure and Imx^(Q,tt') are shown in Fig[T] 
In other words, due to the interaction between the 4/- 
shell and d-electrons and assuming Acef — 2Ao, the 
positions of the new poles are approximately given by 



^ ~ ^{AcEF + ujr) ± 5\/ (Acef - Wr) + 4:I§\m^\'^Zr 



3 




FIG. 2: Calculated temperature dependence of the low- 
est CEF excitation in an unconventional superconductor 
for (a) strong coupling {Iq « Ao) and (b) weak coupling 
(Jo < Ao) coupling between conduction electrons and lo- 
calized 4/-electrons. The tight-binding parameters for the 
electron-doped cuprates[l3| and ferropnictides[l2l are used. 
In both cases we assume a temperature dependence of the 
superconducting order parameter of the form Ak(r) — 

(l.76yi 



Ak tanh I 



T 



where Zr is residue of the resonance peak in the d spin 
susceptibiUty. 

In Figlljb) we show the total structure of the imagi- 
nary part of the /-electron spin susceptibility as func- 
tion of frequency at the antifcrromagnctic wave vec- 
tor, Q. Due to appearance of the resonance mode in 
the conduction electron susceptibility the CEF excita- 
tions acquire an additional pole below the superconduct- 
ing transition temperature at energies well below 2Ao 
with a small linewidth. In addition a second pole is 
found at a frequency which is higher than the renor- 
malized Acef in the normal state. At the same time 
damping induced by Imx^p^ is still larger than it is in 
the normal state value as a consequence of discontinu- 
ous jump of Imxo at 2Ao induced by the requirement 
Ak = — Ak+q. Therefore, CEF excitations behave com- 
pletely opposite as in conventional superconductors. It 
is also interesting to note that in case Aqef becomes 
smaller than 2Ao the position of the bound state shifts 
to lower energies (see FiglTJa)). Moreover, at certain 
value of the Aqef < I.SAq one finds a single pole as a 
result of the coupling between d and 4/-susceptibilities 
representing the renormalized CEF excitations. Further- 
more, the second pole related to the bound state no 
longer exists. In Figl^^a) we show the temperature evo- 
lution of the CEF excitations below the superconduct- 
ing transition temperature. Here we assume a tight- 
binding energy dispersion for the electron-doped cuprates 
and a d-wave symmetry for the superconducting gap, 
i.e. Ak = ^ {cos kx — cos ky) [l^. Using a temper- 
ature dependence for the superconducting gap that re- 
sembles the solution obtained for the Eliashberg strong- 



we analyze the CEF excitations below the superconduct- 
ing transition temperature. Close to Tc, i.e., in the 
range 0.8Tc < T < the splitting of the CEF exci- 
tations due to formation of the magnetic resonance is 
not well resolved and it looks as if the CEF level gets 
damped anomalously strong. With lowering tempera- 
ture, i.e., TwO.STc, both peaks become well separated. 
At even lower temperatures both peaks are clearly sepa- 
rated in energy and the lower mode is much narrower. 

In the second case when the coupling between conduc- 
tion electrons an localized 4/-clcctrons is weak, the effect 
of unconventional superconductivity on the CEF excita- 
tions still differs substantially from that of conventional 
superconductors. In particular, for Iq < Aq there is no 
additional peak in Im^-'' below Tc. This is due to rel- 



This is also the 



atively small value of loX'RPAi'i 
case if the damping of the magnetic resonance in x'^'^^ 
is relatively strong. In other words, even though x'"'*' 
is strongly frequency dependent at low energies the cou- 
pling is not large enough to produce a second pole in the 
/-electron susceptibility. Nonetheless, the effect of the 
resonance in the former is present in this frequency range. 
Because the overall conduction electrons response of the 
unconventional superconductor is larger than its normal 
state counterpart, the CEF excitations below Tc will ex- 
perience larger damping due to Imx'iipAiQj^ 2Ao) 
which is enhanced in the superconducting state. Simi- 
larly Imx^p^(Q, uj 2Ao) is lower than its normal state 
value but, more important, it changes sign above ujr (see 
Figdja)). As a result the CEF excitation simultaneously 
becomes more damped and also shifts towards higher fre- 
quencies. We show the evolution of the CEF excitation 
in Fig[2jb) as a function of temperature where below this 
effect is clearly visible as a function of temperature. 

The description above is correct under the assumption 
that there is a well-defined resonant excitation in the con- 
duction electron susceptibility at the two-dimensional an- 
tiferromagnetic wave vector, Q. This implies that for all 
points of the Fermi surface the condition Ak = —Ak+q 
is satisfied. It has been shown previously, that this condi- 
tion is realized particularly well in quasi-two dimensional 
systems such as hole- and electron-doped cuprat es 11 31 as 
well as in the novel iron-based superconductors [l2l and 
also in other heavy- fermion systems like CeCoIns [lO| . 

It has been found recently that lowest CEF excitations 
of Co ions located at around 2A shows an anomalous be- 
havior in the superconducting state of CeFeAsOi_a;Fa:, 



coupling equations (Ak(r) = Ak tanh 



1.76a/^ - 1 



see Ref. [JJJ. In particular, the lowest CEF excitations 
shifts slightly towards higher energies and acquire an ad- 
ditional damping below Tc. Assuming the extended s- 
wave symmetry of the superconducting gap that most 
likely is realized in ferropnictide superconductors [l9l| 
(Afc = ^ (cos kx + cos ky)) , this unusual behavior can 
be well understood. In particular, if the coupling between 
the conduction electrons and Ce ions is relatively weak 
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(Jo < Aq) the effect of the unconventional superconduc- 
tivity on the CEF excitations does not result in the ap- 
pearance of an additional pole in Imx/, since the coupling 
is too weak. However, because of the sign change of the 
superconducting gap for the electron and the hole Fermi 
surfaces connected by Qaf, I^X^pa enhances in the su- 
perconducting state at energies to > ujr- Simultaneously, 
the real part oi Xf changes sign and becomes negative 
for u! > uj,- which leads to the negative shift of Aqef 
below Tc, i.e. it shifts to higher energies below Tc(see 
Figl2jb)). In order to compare our results to the experi- 
mental data we show in Figl3] the calculated shift of the 
lowest frequency of the CEF excitations as well as their 
damping (half width at half maximum) in the supercon- 
ducting state normalized to their values at Tc. We adopt 
the parameters used previously for calculations of the 
itinerant magnetic excitations in ferropnictides [l^ . We 
further assume the coupling of the itinerant 3d electrons 
to the 4/-shell / = 4.3meV< A. In the superconducting 
state, due to the extended s-wave symmetry of the super- 
conducting gap the itinerant interband RPA spin suscep- 
tibility between electron and hole Fermi surface pockets 
centered around the F and M points of the BZ, respec- 
tively, shows the characteristic enhancement at energies 
smaller than 2A[i3,[l . Due to weak coupling to the 4/- 
shell this does not yield a second pole in the Imx/ but 
results in the anomalous damping of the CEF excitations 
and a shift of the characteristic frequency, tOq towards 
higher energies. We find that this behavior qualitatively 
and also to large extent quantitatively agrees with the 
experimental data on CeFeAsOn sztOn ifijllj. 

The other systems where similar effects can realize 
but with strong coupling between the conduction and 
4/-electrons are layered cuprates with rare-earth ions or 
heavy- fermion superconductor CeCoIus. For example, 
in the electron-doped cuprate system Nd2-a:Cea;Cu04, 
the splitting between the ground and the first CEF ex- 
cited levels of the 4/ multiplet for Nd^+ ions is about 
AcEF «20meV[l5| which is comparable to the ener gy o f 
2 A of the superconducting gap in the same svstem[13j. 
At the same time, the situation with the position of the 
feedback spin resonance due to the (i^2_j,2-wave symme- 
try of the superconducting gap in the electron-doped 
cuprates is far from being well understood. For ex- 
ample, originally the resonance has been reported in 
Pro.88LaCco.i2Cu04_5 and Ndi.85Ceo.i5Cu04 at the en- 
ergies of about 12meV and lOmeV, respectively [l6, 17|. 
Recently, this conclusion has been challenged by another 
group [18[ where the feedback of superconductivity in 
Ndi.85Ceo.i5Cu04 has been found at much smaller en- 
ergies around 4.5meV and 6.4meV. In Fig[T]Jb) we show 
the calculations for Imxf assuming a tight-binding en- 
ergy dispersion for the Sd-electrons [l3| , the coupling con- 
stant Iq = Ao and Acef = 2Ao. One finds that in this 
case the /-electron susceptibility shows two peaks below 
Tc with the lower one at the energy smaller than ujr and 
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FIG. 3; Calculated temperature dependence of the frequency 
position, uiq (a) and the linewidth (b) of the lowest CEF level 
assuming weak coupling between the conduction and the 4/- 
shell. The insets show the corresponding experimental data 
for the superconducting CeFeAsOF system [lH]. 



the upper one slightly above the rcnormalizcd Acef in 
the normal state. In order to sec whether the lower peak 
found recently [3| is indeed related to the feedback effect 
of the unconventional superconducting order parameter 
on the CEF excitations further studies are necessary. A 
hallmark of this would be the large contribution of the 
incomplete 4/-shell to the d-electron susceptibility spin 
resonance. In addition, below Tc the CEF excitations 
should possess larger damping in the superconducting 
state than in the normal state and show slight shift to- 
wards higher energies. 

In conclusion, we find that the feedback of unconven- 
tional superconductivity on the CEF excitations may re- 
sults in two characteristic features. If the coupling be- 
tween the CEF excitations and conduction d-electrons is 
large {Iq ^ A), the resonant excitations in the conducting 
electrons susceptibility centered at Ur yield an additional 
bound state in the /-electron susceptibility at energies 
uji < oJr. At the same time, the CEF excitations shifts 
towards higher energies and acquire an additional damp- 
ing below Tc. If the coupling between the d-electrons and 
CEF excitations is weak, i.e. Iq < A the additional pole 
does not occur and the only effect of the unconventional 
superconductivity is the anomalous damping of the CEF 
excitations and their slight upward shift below Tc. We 
argue that both these effects may be present in different 
layered cuprates and ferropnictides, respectively. 
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